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CHAPTER I

INTRODUCTION

Many mathematicians and mathematics educators have been greatly
concerned that mathematics classes be taught in such a way that the
student becomes actively involved in the learning of the material.
Polya [11] has put forth three principles of learning that can be
extended to principles of teaching.

They are the following:

1.

"For efficient learning, the learner should discover
by himself as large a fraction of the material to be
learnt as feasible under the given conditions.

2.

"For efficient learning, the learner should be inter
ested in the material to be learnt and find pleasure
in the activity of learning.

3*

"For efficient learning, an exploratory phase should
precede the phase of verbalization and concept forma
tion and, eventually, the material learnt should be
merged in, and contribute to, the integral mental at
titude of the learner." [ 11 ,608- 609]

It is with the exploratory phase that this project is concerned.
There is general agreement with the discovery or student centered
approach to teaching, where ideas are developed as much as possible
through student contributions.

As Cummins [2,291] has pointed out,

there is much more involved here than merely having a few isolated
experiences in discovery during the course.
"...in this approach situations are planned by the teacher
to help ideas emerge - and sometimes they emerge by student
suggestion anyway - and which encourage student experimen
tation, student attempts to formulate definitions and con
jectures which they and the teacher as co-workers investi
gate." [ 2 ,291]
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It is important that every student have the opportunity to ex
plore mathematics actively.

Often this is difficult to accomplish

within the classroom itself where the brighter students tend to dom
inate.

Where is the opportunity for the less quick student to for

mulate his own conjectures when others have done it for him, before
he has had a chance to try out his own ideas?

Time plays another

important part here, in that, particularly in introductory college
mathematics courses, a certain definite amount of material must be
covered during the course as a prerequisite for subsequent courses.
There is normally not enough time in the class period for extensive
discovery and exploration.
These difficulties can be overcome, at least in part, by the
use of exploratory exercises.

These exercises would be given to the

student prior to discussion of the concept involved in class.

They

would be short and in addition to any regular assignment on the cur
rent topic being discussed.

Thus the student would have time to ex

plore the concept and formulate and test his own ideas indepentently
When time comes for the formal discussion of the concept in class,
most students will have dealt with it before and will be in a posi
tion to add their findings to the development of the concept.

Even

those students who were unable to complete the exercises will be in
a better position to comprehend the concept because of their explor
atory experiences.
This project has attempted to develop a set of exploratory ex
ercises for a calculus preparatory course which the author will be
teaching in the fall of 1971 at Montgomery College, Takoma Park,
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Maryland.

The text, for the course is Modern Algebra and Trigonometry

by Robinson [3]? & straight forward, expository text.

The set of

exercises presented in this project is intended to provide a begin
ning for the kind of instruction described above.
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CHAPTER II

REIATED TOPICS

In this chapter, we will present a discussion of three topics
which are related to exploratory exercises.

These topics are assign

ment schedules, advance organizers and discovery learning.

Assignment Schedules

Fawcett and Cummins [U, 68- 69] discuss two types of organization
for scheduling topics on homework assignments in the mathematics class
room.

The "vertical" method is shown in Figure ].

m
TIME
Figure 1
VERTICAL ORGANIZATION METHOD

Topic A is taught from Time I to Time II.

When Topic A is finished

at Time II, Topic B is begun and taught until Time III.

The pattern

U
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continues throughout the course.

The time intervals naturally vary

depending upon the time necessary to teach a particular topic.

This

is the more traditional approach to mathematics teaching where a par
ticular topic is taught and problems assigned on that topic,

ho ef

fort is made to include exploratory exercises or review.
Fawcett and Cummins believe that an "oblique" organization of
materials might help to relieve class time pressures and provide op
portunities for "seeds of larger ideas" to be sown.

This organiza

tion is shown in Figure 2.

A

Figure 2
OBLIQUE ORGANIZATION METHOD

In this plan, students start exploring a topic before the class dis
cussion of the previous topic is completed.

On a given day x, for

example, exploratory work on Topic D will be given, while the main
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emphasis will be on Topic C.

Topics B and A are reviewed.

The vertical and oblique organizations represent the two extremes.
Between these, Peterson [7,6-9] has identified two other types of
organization, the "spiral" type and the "semi-oblique" type.
In the spiral method, illustrated in Figure 3, a small part of
the assignment is on the material covered in class, while the major
part reviews and reinforces previously learned topics.
for exploration of future

Bo opportunity

topics is provided.

m

Ti ME
Figure 3
SPIRAL ORGANIZATION METHOD

Finally, the semi-oblique method is shown in Figure U.

Students

begin exploring a topic before work on the previous topic is completed.
Problem solving experience is provided on the topic under discussion,
along with the exploratory work, with no direct reinforcement or re
view of previous material.
As Peterson has observed, there has been very little research
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on the problem of homework, and most of what has been done has been
concerned with homework versus no homework.

Peterson [7] did find,

however, that the achievement, transfer and retention of students
seemed to be improved by the use of the semi-oblique method and ex
ploratory assignments.

-V y

Figure U
SEMI-OBLIQUE ORGANIZATION METHOD

Advance Organizers

"Advance organizers" are defined by Ausubel and Robinson [ 1]
as
"deliberately prepared sets of ideas which are presented to
the learner in advance of the body of (meaningful) material
to be learned, in order to insure that relevantly anchoring
ideas will be available." [ 1 ,1^ 5]
There are two situations in which an advance organizer would be used.
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An " xr;

11 ry"

l;t of

v Lt--r would 1-e used if the now learning material

u natur*- that. It lr. entirely unfamiliar to the learner.

A v-'ry rItr.t'i«* example
ly K x < t ’’:o- '

f this; typo of advance organiser is provided

fh-a';r, * with the function concept (see Chapter III).

Although '..I,■■

may Lav-: informally used functions before, this

is the first t L r h o is studying it as a mathematical concept itself.
A "ecmparat iv--”roan is.or is used for material that is relatively
i'amilar • r
function.

••ani.v.-d alone existing lines.

Exercise B-2 on inverse

is an c a m p ] o of this type.

Pet-srson [*V] reports that the research conducted by Ausubel and
others has indicated that appropiate introductory material does as
sist student learning.

Among other things they have found that much

of the rote memorization by students is eliminated by the use of ad
vance organizers.

This rote memorization often occurs when students

are required tc learn details of unfamilar concepts "before having a
sufficient number of key anchoring ideas."

[1,148]

Discovery Learning

The discovery method has meant many things to many people.
deed, there is no one precise definition of discovery.

In

What will be

called the discovery approach in this paper will be the kind of teach
ing described in the quotation by Cummins in the first chapter.

This

global viewpoint is a combination of the analytic approach, the induct
ive and the heuristic approach to the teaching of mathematics.

R eproduced w ith perm ission o f the copyright owner. F urther reproduction prohibited w itho ut perm ission.

[4], [lU]

9

Analytic approach

The analytic approach is one of "mathematics in the making"

The

student proceeds from the unknown to the known by separating the par
ticular statement in question into simpler statements whose truth or
falsity is know or can easily be determined.

The opposite approach,

the synthetic approach, is that generally used by a mathematician to
present his results.

It combines simpler ideas into more complex ones.

In the analytic approach, one knows the reasons for the various steps
being taken, whereas in the synthetic approach, the reasons are often
not immediate.

It must be emphasized that these approaches to the

teaching of mathematics are not related to the synthetic and analytic
methods of geometry.

Inductive approach

The inductive approach is also "mathematics in the making," where
its opposite, the deductive approach, is mathematics in finished form.
The inductive approach proceeds from the particular to a generaliza
tion.

In general, the conclusion of this approach is arrived at through

the study of examples, the more examples which support the conclusion,
the more plausible it becomes.

However, the conclusion is at the very

best a conjecture; it has not been proved and it can be refuted by
only one counterexample.

The conclusion of the deductive approach

is a theorem, as strong as the previous theorems and postulates that
support i t .
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10

Heuristic approach

Heuristic teaching is in contrast to straight lecture.

The gen

eral role of the student is that of a creator of mathematics rather
than a passive recipient of knowledge.

This approach is one of the

teacher providing leading questions and hints to the students to guide
them in their exploration.
ing.

It is definitely not the same as no teach

It requires much special preparation on the part of the teacher.

Young [1^3 wrote in 1906,
"... the heuristic method...comes much nearer to realizing
the aims and ideals of mathematics instruction than any
mere passive ingesting of a body of mathematical facts..'.' [iU, 293]

This chapter has attempted to provide background information for
the exploratory exercises developed in this project.

The exercises

will be used as advance organizers in a semi-oblique type of assign
ment scheduling.

They are structured to provide for student discovery

of mathematical concepts.
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CHAPTER III

THE EXPLORATORY EXERCISES

Presented in this chapter are the exploratory exercises that
were developed as part of this project.
be easily duplicated for student use.

They are in a form that can
Each set of exercises is pre

ceded by a brief discussion of their purposes and place in the course

Exploratory Exercises on Preliminary Concepts

The two exercises presented here explore

two topics of a prelim

inary nature in the pre-calculus course.
Exercise A-l deals with the introductory

notions of settheory.

It would be presented to students before discussion of union, inter
section and complement of sets.
one of DeMorgan's Laws:

This particular exercise explores

( A O B ) ' = A 1 U B'.

In Exercise A-2, the students will explore certain divisibility
properties of the integers.

The first conjecture is, of course, true

while the second is not true in general.

The converse is true for

some integers, in particular, if b = 2 , then the converse becomes

2
"If 2 is a factor of a , then 2 is a factor of a."

This result is

true and is needed in the "usual" proof that /2 is an irrational num
ber.

11
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EXERCISE A-I
(a)

On the diagram below,

shade the region inside the

rectangle which is not inside circle A.
(b )

On the same diagram,

also shade the region which

is not inside circle

3.

2.

Describe the region wh ich is not shaded.

3.

Find another way,

besides that in (1),

to describe the

region that is shaded.
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KXKKCIfK A-2

;r-r *!.,> *’•)!. Low;nr, c o n j e c t u r e :

a and b arc
1;• .•! factor of a,

Integers.

If b

then b is also a

fa,.-’ >r of a“ .

!h; y-'O M h n k

that- this conjecture is true or false?

Try oooe e x a m p l e s .
true.

j.f you think the conjecture is

:ar. you support your beliefs?

is false,

Lf you think it

can you find a counterexamplev

onsider tne converse of the conjecture in ( I f
o

;f b is a factor of a " , then b is a
factor of a.

,a!

rs the converse true or false?

Support your b e 

liefs .
(hi

If the converse is false,

can you find any examples

for w h ic h it is true?
(e)

Can you replace b by a particular number so that
the converse will always be true?

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.

Exploratory Exercises on the Function Concept

This is a set of six exercises which explore the concept of the
function, one of the important unifying concepts in mathematics.
The definition of function that will be used is the following:

Definition:

Let X and Y be sets.

A function f from set

X to set Y, written f :X -> Y, assigns to each
element in X exactly one element in Y.

Functions

It is the intent of Exercise B-l to determine properties that
distinguish functions from other relations.

Question (3 )

is the

first exploration of the idea of one-to-one and onto functions.
Often it is not possible to express a function as a specific
rule.

In this case, it is convenient to describe a function as a

set of ordered pairs.
functions.

But not all sets of ordered pairs constitute

In Exercise B-2, the student is to determine a technique

for telling whether a relation is a function by observing its graph.
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EXERCISE B-l

The following diagrams represent what we might call "maps".
1.

The "maps" have been divided into "good maps"
maps".

and "bad

See if you can find some characteristics that

distinguish the "good maps"

Good Maps

from the "bad maps".

Bad Maps

c_

-~ >

2-
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b

EXERCISE B-l (continued)

2.

(a)

Draw a "good map"

A

3.

from set A to set B.

5

(It )

Draw a "bad map"

Now

look at just the "good maps"

(a)

How are

from set C to set D,

(a) and (b) alike?

in question
How

(1).

do they differ from

the other "good maps"?
(b)

How are

(a),

(c) and (e) alike?

How do they differ

from the other "good maps"?
(c)

How does

(a) differ from the other "good maps"?
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EXERCISE B-2

1.

(a)

Another way to describe a function is by a set
of ordered pairs where the first element of each
pair is the domain element and the second element
is its image under the rule.

For example,

we can

also describe the 'mapping:

(b)

Describe the set A x B.

(c)

What relation does f have to A x B?

(d)‘ Are all sets of ordered pairs from A x B functions
Give examples.

2.

(a)

We know that we can draw graphs of sets of ordered
pairs,

so we can draw a graph of the function f.
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■=

, i’ o i i

t

] . o w e d )

-■ s;»> 8 ior more)

exnmt- i>.*s of relations

(sets

.rde red pairs) which are functions and 3 (or
.»•<’ ■ examples of relat.ione which are not functions.
,

,>p, a graph

j..,* ermine,

of each.

'an you find a way to

,/uc t by look in ' at. the graoh_, wh ether

a relation is a function or no t..
'feat would be a way to tell from the graph of a
function whether the function is one-to-one?
onto?
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The inverse of a function

Exercise B-3 explores the inverse of a function and whether the
inverse is a function or not.

It will not he given to students until

after the definition of function has been established.

The student

should discover that a function must be one-to-one and onto in order
for its inverse to be a function.
The purpose of Exercise B - k is for the student to restrict a
function to subsets of its domain and range so that the inverse of
the restricted function is a function.
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EXERCISE B-3

1.

Determine whet her each rule given in the "original"
column below is a function.

2.

For each rule in the "original"
in the "inverse"

column,

form a n e w rule

column which changes the direction

of the arrows in the original rule.

An example is given

in (a ).

Original
(a)

0 — > a
b
2
c

Inverse
(a ' )

1 ^

(b)

0 — > a
1^
b

( b ')

(c )

0 — > a
1 — » b
2 — » c
3 — > d

(c ' )

(d)

0 — > a
1 — % b
2

(d' )

0 <—

a

Ir^

b

2 ^

c

( e 1)

(f)

0 —

a,a

(f)
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EXERCISE B-3

3.

(continued)

W h i c h of the rules that you formed in the "inverse"
column are functions?

4.

U s in g the examples

Which are not functions?

(and more of your own!)

try to see

If there is some way that you can tell by looking at
a par ticular function ("original"

column)

if the rule

formed by changing the direction of the arrows
column)

is a function.
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("inverse"

22
EXERCISE B-4

1.

Consider the following map:

(a)

Delete the element
set A^.

1 from set A to form the new

Then we must also delete the arrow from

1 to a in the diagram above.

Sketch the resulting

map from A-^ to B.

Is this still a function?
(b)

Can we still call it f?

Suppose we now delete an element,
B.

say c,

from set

What is the m in i m u m that must also be deleted

from the diagram so that the resulting c o r r e s p o n 
dence is still a function?

Sketch it below.
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i'CXERCISE B-4 (continued)

1.

(c)

Suppose,

Instead of deleting c from set B, we d e 

lete d.

What is the mi nimum that must also be

deleted from the diagram so that the resulting
correspondence is still a function?

Sketch it

below.

(d)

What else would have to be deleted from the diagram
if we only delete the element b from set B?

Re

member that we want the result to be a function.
Sketch it below.

(e)

Delete from set A and set B the minimum'number
of elements

so that the resulting correspondence

is a function and has an inverse.

Sketch it below.
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2k
Composition of functions

In exercise B-5, the student explores forming the composite of
two functions which have appropiately defined domains and ranges.
There is some emphasis in this exercise on the notation for the com
posite of two functions.
Exercise B -6 continues exploring composition of functions.

The

student is to try to determine what can he concluded if it is known that
the functions or their composites are one-to-one and/or onto.
This topic plays an important role in the exploration of the
trigonometric functions in Exercise C-7-
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EXERCISE B-5

1.

The functions

(a)

f:A -+ B and g:B -♦ C are defined as follows

A new function mapping A d i r e c t l y into C is sug
gested by following the function f with the f u nc
tion g.

Complete the following to define this

new function.

A

A -

-*C

12

0 1
2 ---- •>

0

-

1 ---- ►
2 ---->

-

3 --- ^
’b)

->C

3 --- *

We will denote this new function by gof.
the order!

(Notice

We write gof for "f followed by g" .

This m a y seem unnatural at first,

but the reasons

for denoting the function in this way will become
apparent later.)

Using this notation,

complete

the following.

A
0
1

2
3

goif

C

12

gof (0 = 12
gof(l) =
go f (2 ) =
g o f (3) =
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EXERCISE B-5

2.

(continued)

The function r:D -» E is defined by:

The function s:E -» F is defined by:

(a)

Sketch the map sor below.

(Remember:

sor means

"r followed by s " ).

D

(b)

F

Does the expression ros have meaning in this case
If it does,

define the map.

If n o t , discuss why

not.
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EXERCISE B-5

3.

(continued)

Let h and in be functions from the real numbers onto
the real numbers,, defined by the following expressions

h(x) = 3 x 2 + 2

m(x) = 5x

Complete the following.

(i)

h(0) =

m(0)

(ii)

h(l) =

iii)

h(2) =

(iv)

h(-l)

(v)

=

h ( -2) =

=

=

h o m (0)

m ( 1) =

m o h (1) =

h o m ( 1)

m(2)

moh(2) =

h o m ( 2)

=

m o h (-1) =

h o m (-1)

m ( -2) -

m o h (-2) =

h o m (-2 )

m(-l)

moh(O)

=

(b)

Do hom and m o h define the same function?

(c)

Can you find a general rule for hom?

Discuss

for moh?
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EXERCISE B-6

1.

(a)

If two functions f:A -♦ B and g:B -* C are
one-to-one,
one?

(b)

both

must the composition gof be one-to-

Support your beliefs.

Examine the possibility that only one of
tions,

either f or g but not both, needs

the func
to be

one-to-one to insure that gof is one-to-one.
Give examples.
(c)

Suppose we know that the composition gof is oneto-one.

M us t both g and f be one-to-one?

function must be one-to-one?

Which

Justify your con

clusions .

2.

(a)

If both f:A -» B and g:B -» C are onto, must gof
be onto?

(b)

Need bot h f and g be onto to insure that gof is
onto?

(c)

Verify.

Discuss,

with examples.

Suppose gof is onto.

Can you make any conclusions

about whe t h e r f and g must be onto?

Justify your

conclusions.
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Exploratory Exercises on Trigonometry

This set of seven exercises explores the arc wrapping function
which maps the real numbers onto points on the unit circle.

These

exploratory exercises will set the stage for the discussion of the
trigonometric functions.

Distance on the unit circle

In Exercise C-l, the student investigates certain arc lengths
on the unit circle, including distances traversed by a point travel
ing around the unit circle more than once.
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EXERCISE C-l

The circle w it h center at the origin
is called the unit c i r c l e .

(0,0)

and radius r = 1

It will be extremely important

in our future work.

Lo,o)

1.

(a)

By definition,

every point P(x,y)

on the unit c i r 

cle is exactly 1 unit away from the center
This fact,

(0 ,0 ).

together wit h the formula for the d is

tance bet wee n two points,

enables us to find an

algebraic expression for the unit circle.

Find

the equation of the unit circle.
(b)

Recalling that the circumference of any circle
is given b y the formula C = 2nr, what is the c ir
cumference of the unit circle?

(c)

How far wo uld you travel if you started at point
A and traveled in a counterclockwise direction
around the unit circle until you reached point
A again?
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EXERCISE C-l

1.

(d)

(continued)

How far would you travel if you started at point
A and traveled in a counterclockwise direction
around the unit circle twice ending at point A?
If you traveled around the unit circle 3 times?
4 times?

2.

n times?

Rotation:

Any two points P and Q on a circle determine

two arcs.

Let us agree that by arc P Q , we shall mean

the arc traversed by starting at po i n t P, traveling
in a counterclockwise direction and ending at Q.

The

arc determined by starting at point Q, traveling in
a counterclockwise direction and ending at P will be
denoted by arc Q P .

3.

(a)

It appears that the coordinate axes partition the
unit circle into four arcs of equal length.
isfy yourself that this

of the arc AB?
(b)

is true.

What is the length

arc BA?

What is the length of the arc AC?

Sat

arc AD?
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The arc wrapping function

Exercises C - 2 , C-3 and C-U have the student determining the points
on the unit circle corresponding to an arc length of ^ , yj- and ^ units
from the point (l,0) in a counterclockwise direction.

The points sym

metric to these in the other three quadrants are also determined.
The amount of direction to the student decreases with each exercise.
Exercise C-5 further explores the idea that a point on the unit
circle may he associated with more than one distance from the point

(1 ,0 ).
Exercise C -6 explores for the first time the actual arc wrapping
function.

It attempts to tie the previous lessons together.
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EXERCISE C-2

1.

(a)

Point E is located on the unit circle in such a
way that the length of arc AE is the same as the
length of arc SB.

What is the length of arc AB?

What is the length of arc AE?

1

nUA

-- 7 n

(b)

Points F 5 G

and H are located in a way similar

to point E.

What is the length of the arc AF?

of arc AG?

2.

(a)

of arc AH?

Point E is the midpoint of arc AB.What must be
the relation between the first coordinate of point
E and the second coordinate?

If the first co ordi

nate of point E is a, what is the second c oordi
nate?
(b)

Point E is on the unit circle.

What equation must

the coordinates of point E satisfy?
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3U

HX;-.'v‘i•
c:

<’-2 icontinued )
Wind the coordinates of point E.

Use your results

from 2 ;a ) and 2 (b ) .

3.

What are the coordinates of points F, G and H?

R eproduced with perm ission o f the copyright owner. F urther reproduction prohibited w itho ut perm ission.

EXERCISE C-3

In the figure below, we have a regular hexagon inscribed
in the unit circle.

y

1.

(a)

Yo u may recall from ge o m e t r y that, whe n you i n 
scribe a regular h exagon in a circle,

each side

of the regular he xagon is the same length as the
radius of the circle.
ment?)

(Can you verify this s t a t e 

What is the leng th of each side of the

regular hexagon in this case?
(b)

Since chords of equal length determine arcs of
equal length,

the unit circle above is partitioned

into 6 equal arcs by the points A, K, L, C, M and
N.
AC?

What is the length of arc AK?
arc AM?

arc AL?

arc AN?
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arc

EXERCISE C-3

2.

(continued)

We would like to find the coordinates of the points
Kj L a M and N.
(a)

Let us concentrate first on point K.

Draw a segment from the origin 0 to point K form
ing triangle OAK.

(t>)

What kind of triangle is AOAK?

Now draw the altitude KZ.
is AOKZ?

What kind of triangle

What kind of triangle is AAKZ?

is point Z to segment OA?
segment OZ?

of segment AZ?

What

What is the length of
Find the length of

segment KZ.
(c)

3.

What are the coordinates of point K?

Complete the following table.

Point

Coordinates

Arc Length from A .(ccw)

A
K
L
C
M
N

Notation:

ccw means the counterclockwise direction
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EXERCISE C-4

A regular hexagon has been inscribed in the unit circle
as shown below.

The points P a

Q 5 R a D and S partition

the circle into 6 arcs of equal length.

Complete the following table.

Point

Coordinates

Arc Length from A (ccw)

A
P
B
Q,
R
D
S

Notation:

ccw means the counterclockwise direction.

R eproduced w ith perm ission o f the copyright owner. Further reproduction prohibited w ith o u t perm ission.

■3
EXEKC fCE C-h

Consider the unit circle:

iV'%)

( % - C2/z)

1.

Complete the following table.

Point

Length of Arc from (1,0) to Point,
counterclockwise

Traversing

clockwise
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i t'Ml

:?.

Ip./;-.-!M.v that ;\v>

want

to consider

tra-

vcrslii;' t.-ic* u ::; i circle more than once,
a ;

ilow far won id y..>u travel
to

from the point

v— -7, — 7 '. volnr. In a counlerclockwi se di

rection,

1; you first traveled around the circle

once and

then proceeded

traveled

aroimd the circle 2 times?

p*s

1 times?
h:

( 1 .0 )

rs

to

if y°u
3 times?

General 1 ::e to i. times,

Repeat 2 ^ '. travel.! ny in a clockwise direction.

Replace the point
O n the unit circle

{~ 2 >

in (2) by another point

and repeat question

(2 ).
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EXERCISE C-6

In the following figure,, we have the unit circle w i t h the
real number line pl ac e d tangent to it at the point
The point 0 (zero)
point

( 1 ,0 ).

on the number line corresponds to the

(1 ,0 ) on the unit circle.

Now consider the pro ce ss of "wrapping" the positive part
of the number line around the unit circle in the c o u n t e r 
clockwise sense and "wrapping"

the negative part of the

number line around the unit circle in the clockwise sense.
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1+1
EXERCISE C-6

This

(continued)

suggests a function wh ich maps the real numbers into

the unit circle.

1.

Certainly,

under this mapping,

2tt -> (1,0)

and -2 tt -+ (1,0).

0 -* (1,0).

Why?

Also,

Are there any other

real numbers which map into the point

(1,0)?

Can this

function be one-to-one?

2 . — What point on the unit circle does each of the f o l l o w 
ing real numbers map into under this function?

TT

-TT

2

(b)

TT -*

(f)

(g)

(d )

2 tt ->

(h)

2

(k)

- 2n -+
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-5-n

3

EXERCISE C-6

3.

(continued)

It appears that more than one real numb er can be mapped
into a single point on the unit circle by this function.
(a)

Name at least 5 positive real numbers w hi ch map
into the point

(b)

(—

Name at least 5 negative real numbers which map
_/p

into the point
(c)

^|) .

/p

•

Can you find a general expression (or expressions)
that give all the real numbers w h ich map into the
point

^§) •
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Trigonometric functions

Exercise C-7 is an introduction to the trigonometric function.*
as composites of the arc wrapping function with projections on t b *1
appropiate axes.
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fo I low i.ng corrcsj.H.indenco:

r '■

a !x ,y ) -- x

•; f ;n **. ! on 3 by the c o r r e s p o n d e n c e :
S

■'r )

3 (x,y) •-= y

.ordered pair in R x R, a assigns
t he fliv*

,rd]

nate.
S'.

to and 3 assigns the second c oo rdi 
r-'t:re o f aV

;iv- o

What is the range of

ie Interpretation of the functions

a and S .

Let L denote

toe arc wrappi ng function which maps the

real numbers

Into points on the unit circle,

viously defined.
(a1

for example,

as p r e 

recall that P ( n ) = (-1,0).

Consider the compositions Q'oP and 3oP.
,i ’

j o ? maos the real number tt into - 1 , as shown

n

aoP
Therefore, » o P( tt ) = -1
(ii)

What is 3oP(n)?

R eproduced with perm ission o f the copyright owner. F urther reproduction prohibited w itho ut perm ission.

EXERCISE C-7 (continued)

2.

(b)

Determine the following:
(i)

aoP

(ii)

PoP (-)
1

(iii) aoP
(iv)

(v)

(vi)

(c)

3.

1

PoP

(-)

croP
PoP l3 j
PoP
!oP (-)
l3 j

0

Repeat part

(b)3 replacing ^ by

Find the range of ao P and of PoP.
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Exploratory Exercise on the Slope of a Line

Exercise D-l explores several possible definitions for the slope
of a line.

The student investigates some of the properties that the

slope should possess.
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EXERCISE D-l

1.

(a)

Do you think any of the above lines is "steeper"
than the others?

(b)

If soj which one?

Does it appear that any two of these lines have
the same "steepness"?

2.

Which,

if any?

We would like to find a w a y to measure the "steepness"
of a line.
line.

Such a measure is called the slope of the

One possible approach to this pr oblem might

be to construct a right triangle on the line in q u e s 
tion,

as done on the lines above,

and compare its

sides.
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EXERCISE D-l

2.

(continued)

(continued)

Some possible definitions of slope are

given in the table below.

Complete the table for the

lines and triangles given above.
good and bad features
Possible
Definition
for slope

Try to look for

in the various definitions.

Line
A ABC

Line Lg
ADEF

Line L^
ASTW

APQR

height/base

height - base

height/hypotenuse

hypotenuse - base

3-

The following are some properties that we would want
any definition of slope to possess.
(a)

Parallel lines should have the

same slope.

(b)

The slope of a line should not

depend on the

points chosen to determine the

triangle;

that

is, we should get the same slope no matter what
points on the line .are used.
Using the table above to help you,

eliminate any of

the possible definitions of the slope of a line if it
fails to meet either of these properties.
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1+9
EXERCISE D-'i (c o n t i n u e d )

4.

Can you think of another possible definition for slope?
Discuss your definition with respect to the properties
3 (a ) and

5.

(b ) .

For each definition that you have not eliminated,
cuss the slope of a horizontal line.

dis

Discuss the slope

of a vertical line.
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